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Abstract 

We discuss the open string ending on D p-branes in IKKT framework. First we 
determine the boundary conditions of Green-Schwarz superstring which are consistent 
with supersymmetry and K-symmetry. We point out some subtleties arising from taking 
the Schild gauge and show that in this gauge the system incorporates the limited 
dimensional D p-branes (p = 3,7). The matrix regularization for the Dirichlet open 
string is given by gauge group SO(N). When p = 3, the matrix model becomes the 
dimensional reduction of a 6 dimensional M = 1 super Yang-Mills theory. 
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1 Introduction 



During the recent developments in the superstring theory, the matrix theories give a new 
framework to understand the non-perturbative aspects of the string theory ]![]. 

Among some variants of such theories, we focus on IKKT matrix model M which is the 
large-iV reduced model of ten dimensional U(N) super Yang-Mills theory. It is supposed 
to give a constructive definition of the type IIB superstring theory in the Schild gauge. 
To understand the non-perturbative properties, it is indispensable to have an appropriate 
description of p-branes. Originally, such objects were studied from classical configuration 

with [r.p'lai ©B 1- 

In this paper, we propose another picture of p-branes by defining the open string ending 
on D p-branes, so-called Dirichlet open string, in IKKT framework. It is an extension of our 
previous work [|J where open supermembrane ending on M five-brane was investigated by 
using the regularization technique similar to that in ||. 

In sec.|| we determine the boundary conditions for the type IIB Green-Schwarz open 
superstring which are consistent with space-time supersymmetry and ^-symmetry. We de- 
scribe the boundary conditions for fermions in a linear form and discuss subtleties in the 
analytic continuation of fermionic variables which is mandatory for IKKT model. 

In sec|3] we account for implications coming from the Schild gauge. One of the main 
consequences is that the system is consistently accompanied only by the limited dimensional 
D p-branes (p = 3,7). We then identify an unbroken part of supersymmetry. Finally we 
show that such an open string is regularized by SO(N) matrix model. When p = 3, in 
particular, it becomes the reduced model of a 6 dimensional M = 1 super Yang-Mills theory. 

In appendix we summarize the convention of SO(l,9) gamma matrices that we use in 
this paper. 

2 Boundary Conditions for the Type IIB Superstring 

In this section, we fix the boundary conditions of the type IIB Green-Schwarz (GS) super- 
string ending on D p-branes. We consider the case in which the purely bosonic gauge field 
A^{X) on the D p-brane world volume couples to the boundary of the string world sheet 
E. Our investigation is made in the rigid superspace for simplicity. 

2.1 Variations of GS superstring action with boundary 

The action of the type IIB GS superstring |7j is 

£gs = - J d 2 a 

Cwz = te^daX^e'r^e 1 - e 2 v,d b e 2 ) - t a \9 l Y^d a e l ){9 2 Y^d b e 2 ) . (i) 

where a a (a = 0,1) are world sheet coordinates, and (X^(a),9^(a)) (/i = 0,1,... 9; a = 
1, ... ,32; A = 1,2) is the embedding map from E into the 1+9 dimensional superspace. 



-g + C 



wz 



dX»Ar{X) 
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Here 9 A (A = 1,2) are Majorana-Weyl spinors in 1+9 dimensional space-time with the same 
chiralities. g is the determinant of the induced metric g a b on £ : 

g ab = n^n^, 

IT£ = d a X» - iO^daO 1 - i9 2 Y»d a 6 2 . (2) 

When the world sheet £ has no boundary, the action ([I]) is invariant under M = 2 
space-time supersymmetry transformations, 

S$v$yO A = e A , <W*" = -z^r^susY^ 1 - ^ 2 r^ SUSY fl 2 , (3) 

where e A are constant Majorana-Weyl spinors. It is also invariant under local fermionic 
transformations (so-called K-symmetry transformations), 

6J A = a A , 8 K X» = i^Y^J 1 + i6 2 Y»5J 2 , (4) 

where 

a 1 = (i + f)« x , a 2 = (i - f> 2 , y = ——y,^, w v = e ab u^u u b . (5) 



2^g ^ 

In the above, k a are Majorana-Weyl spinors depending on the world sheet coordinates a a 
and T is subject to Y 2 = 1 and Tr(T) = 0. 

The lagrangian of the action ([!]) is invariant under these fermionic transformations mod- 
ulo total derivative terms. In the presence of the world sheet boundary, the variations of the 
action ([[]) under these fermionic transformations leave the boundary terms. The situation 
is parallel to that in the type IIA theory [0. The explicit form of (Jsusy'S'gs an d 8 k Sqs is 
obtained from eqs.(6) and (8) in ref.|4]] by the replacement, 

1 -tli±6 ,— > e 1 , 1 -^e ,— > e 2 . (6) 

2 ' 2 v ; 

In what follows we will determine the boundary conditions along the line of the analysis 
in the type IIA theory ||. Because we consider the situation in which the open superstring 
ends on the D p-branes, we have 

sx 71 = o , W-v^se 1 + e^se 2 = o, on as. (7) 

Here /i(= 0,1, ... ,p) and v{= p + 1, . . . , 9) denote, respectively, the directions which are 
parallel and perpendicular to the D p-brane. We find that we are able to respect super- 
symmetry, /^-symmetry and variational principle by imposing, besides eq. ([?]), the boundary 
conditions, 

{9 l Y t 86 l - 6 2 Y^6 2 ) - F^{9 l Y-89 l + 6 2 Y^59 2 ) = 0, (8) 
n a Yl aii - F m n a e ab Uf = , on , (9) 

where n a denotes a unit vector normal to <9£, and = d^Ay — d v A^. 
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2.2 Linear boundary conditions for fermions 

We rewrite the boundary conditions in a linear form w.r.t. fermions 9 A in order to preserve 
a fraction of supersymmetry. We look for such boundary conditions first in the case that 
F^y = 0. We begin by focusing on eqs.([7p and (H). We set the following ansatz: 

ei = {T ip) J s ®M AB )e* (a,(3 = l,...,32;A,B = l,2) , on dS , (10) 

where T( p ) = TqTi ■ ■ ■ T p and M is a 2 x 2 matrix. In order that this ansatz is self-consistent, 
(r"(p) <S> M)0 must be a Majorana-Weyl spinor with the same chiralities as 9 and the relation 
(T(p) <8> M) 2 = 1 should hold. These consistency conditions require that M* = M and that 
p should be odd. Substituting eq.flTUD into eqs.(0) and (g) with F M£ = 0, we find that 

M={ ±(jl P = ^ m + 1 (n) 

\ ±ia 2 p = Am + 3 ( J 

It yields that, for any odd integer p, 

6 1 = ±T (p) 9 2 , on ^ . (12) 

By substituting eqs. (|10"D and ( |TT|) into eq.@, we eventually find the desired boundary con- 
ditions: 

5X^ = 0, Ul-r {p) ®M)9 = 0, 
n a d a XH = 0, |(l + T (p) (8) M) n a d a 9 = . 

Let us now turn on the field strength F m on the D p-brane world volume. We restrict 
ourselves to the constant F^ E . By an analysis similar to that in the type IIA theory 0], we 
obtain the linear boundary conditions that reproduce the conditions (0) and (|8|), 

e = e -^ r - W )(r (p) ® M)9 , on as , (14) 

where Y m is defined such that F m = (tanhy) M£ . In general, however, it is difficult to rewrite 
the condition ([]) in a simple form, since it islairly non-linear. 

We point out that the result (|I4]) is consistent with that obtained in the light-cone 
gauge H and yields the same supersymmetry breaking pattern as is given in ref.||. 



2.3 Analytic continuation of 9 2 

When IKKT showed the correspondence between their matrix model and the type IIB theory 
in the Schild gauge, they started from the action in which the signs of the # 2 -bilinear terms 
are reversed: 



S, 



(IKKT) 
GS 



d 2 a 



S 2 + ie ab d a X»(9 l T,d b 9 l + 9 2 T,d b 9 2 ) 



-e ab {9 1 T' M d a 9 1 )(9 2 r^d b 9 2 



(15) 
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where is defined in eq.([S]) and we note that |E 2 = g. In the present case, however, 11^ 
is defined as 

= d a x" - iPvdj 1 + id 2 T»d a e 2 . (ie) 

In order to obtain the action (|15D from the conventional one, we need to perform an 
analytic continuation, 9 2 — > i9 2 [0]. Here we should note that the Dirac conjugation if> of 
a spinor ifj is now supposed to be defined by eq. (|33|) : if> = —ifFC" 1 . Hereafter we use this 
redefinition for all the spinors regardless of whether they are Majorana or not. 

The Af = 2 space-time supersymmetry and the ^-symmetry transformations are given 
by reversing the signs of ^-bilinear terms in eqs.(|3]) and (|J). 

In what follows, we consider the boundary conditions for a type IIB Dirichlet open string 
defined by the action fll5l) . We now concentrate on the case in which the field strength on 
the D p-branes is switched off. The boundary conditions are obtained by reversing the sign 
of the # 2 -bilinear terms in eqs.(|7|), @ and ([|) with = 0. We should rewrite them into a 
linear form w.r.t. fermionic coordinates 9 A . Applying to eq.(|T2|) the analytic continuation, 
9 2 — > i9 2 , we obtain the linear boundary conditions, 

9 1 = ±iT {p) 9 2 on <9£ . (17) 

It implies that M in eq. QToD is replaced by 



M 



=Fcr 2 p = Am + 1 
rkia 1 p = Am + 3 



We remark on the Majorana condition for 9. From the above we find that M* ^ M. It 
means that these linear boundary conditions do not satisfy the Majorana condition. In fact 
there is not such a matrix M as fulfill the boundary conditions and the Majorana condition 
simultaneously. In the present case, however, there are no strong reasons to impose the 
Majorana condition on 9. This is because we have performed the analytic continuation and 
the Majorana condition become subtle. We will henceforth ignore the Majorana condition. 



3 Matrix Regularization of an Open Superstring 

In this section, we regularize a type IIB Dirichlet open superstring by a matrix model, by 
using prescriptions similar to those in ref . . We restrict ourselves to the case that the open 
string ends on two parallel D p-branes or on a single D p-brane. In this situation, only the 
DD and NN sectors emerge and we do not have to consider DN or ND sector. 

3.1 Schild gauge formulation 

In this section we consider an open superstring in the Schild gauge, 

vjj = 9 1 = 9 2 . (19) 
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As is done by IKKT, we introduce an auxiliary field Vh, which is a positive definite scalar 
density on the world sheet. The action is rewritten M into 



(20) 



Sschiid = | s d 2 a ]y/h a (-{X», X"} 2 - '-^{X, , + (3^h 



where {*,*} is the Lie bracket defined as {X, Y} = ^= d a Xdf,Y, for arbitrary functions 
X(a) and Y(a) on the world sheet. Combining with the ^-symmetry transformations, we 
can define the Schild gauge-preserving supersymmetry transformations as 



= -^T^rj 

g0)y/h = 

The boundary conditions are modified to 



swx» 

6&>Vh 








(21) 



5X» = 
n a d a Xit = 



ip = ±iT {p) i) , 

n a d a ip = TiF( p )n a d a 'if) , on <9£ . 



(22) 



In order that the above conditions for the fermionic sector should be self-consistent, T 



have to satisfy (iT^) 2 



(p) 

1, i.e. T( p ) 2 = —1. Combined with eq. (p2[) , this implies that 

p = 4m + 3 = 3, 7 . (23) 



We find that the Schild-type gauge choice restricts the possible dimensions of D branes. Such 
a restriction must be a gauge artifact. The situation seems to be similar to the difficulties 
in describing transverse five-branes in the BFSS matrix theory. In the following we restrict 
ourselves to the case that p = 4m + 3. 

We make some comments on the gauge symmetry on the open world sheet. When the 
world sheet £ is a closed surface, the Schild-type action ( p0|) has gauge symmetry whose 
gauge group is area-preserving diffeomorphisms (APD) on S : 



■'gauge 



X^ 



0- 



-{C(<r) , WW = -{CW ,1>(°)} 



(24) 



where ((a) is an infinitesimal arbitrary function globally well-defined on S. In order that 
the boundary contributions of ^gauge'S'schiid should vanish, the transformation parameter ((a) 
has to obey the Dirichlet boundary condition. The situation is the same as the open super- 
membrane in the light-cone gauge H. 



3.2 Unbroken supersymmetry algebra 

Let us now consider the commutator algebra of the unbroken supersymmetry transforma- 
tions. Because they have to preserve the boundary conditions fl2"2|), the parameters in eq.(2T) 
are subject to the chirality projection on the D jo-brane world volume: r\ = ^fiT^r] and 
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£ = ±ir( p )£. The resulting commutator algebra turns out to be almost the same as that in 
ref. . The only difference resides in the variation of the bosonic coordinates, 

, 5 f]X, = -irjT^, [8® , Sf}Xjr = 0. (25) 

This implies that the super-translation algebra reduces to that on the D p-brane world 
volume. 



3.3 Matrix regularization of open superstring 

In this section we investigate the matrix model for a Dirichlet open superstring in the Schild 
gauge. We consider only the case in which the topology of the world sheet S is a cylinder. 
We identify the world sheet coordinate such that r(= cr°) parametrizes the S^-direction (i.e. 
r ~ r + 1) and cr{= a 1 ) G [0, |] parametrizes the /-direction of the cylinder S 1 x I. 
We introduce the notations, ijj = if}^ D > + where 



(D) 



(26) 



From eq.fl2"2]) we find that and ip^ obey the Dirichlet and the Neumann boundary 

conditions respectively. 

We approximate the real fields on the world sheet by N x N hermitian matrices. By 
using the same reasoning that is made in ref. pj, we obtain the correspondence rules: 



DD sector : X» , 
NN sector : XH , ifjW 



N x N antisymmetric matrices , 
N x N symmetric matrices . 



(27) 



As is mentioned in sec. |3.1| , the transformation parameters of APD must belong to the Dirich- 
let sector. It follows that 



parameters of APD 



N x N antisymmetric matrices. 



(28) 



We can now write down the matrix model to regularize an open superstring. Following 
the standard procedure, we replace real fields on the world sheet, / s d 2 a yh and i{* , *} with 
N x N hermitian matrices, Tr and [* , *] respectively. Consequently, we obtain the matrix 
regularization of the action ( GO ) : 



S 



a 



--Tr ( [X£ , X-} 2 + 2[XH , X 17 ] 2 + [X» , X v \ 

- ^Tr (+^V[a>, ^] + ^ N) ^[x JI , 

+^ D) T^X,,^]+^ N) T^[X,,^] 



+ pTr 1 



The APD gauge transformation 



5 X^ 

u gauge yv 



) becomes 



^gaugo^ =i[(, , 



(29) 



(30) 
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where £ is an antisymmetric matrix as is found in eg. . This gauge transformation can be 
identified with SO(N) gauge transformation. X M and ij)^ D ' belong to the adjoint represen- 
tation and and belong to the 2nd rank symmetric representation of SO(N) respec- 
tively. The situation is very similar to the case of a light-cone open supermembrane M M . 

We point out here that in the p = 3 case the bosonic and the fermionic physical degrees 
of freedom match. The matter contents in this case are given as follows, 

f bosonic X\ X\ 

Neumann sector : { , . . l(m i±ir fc1 , , 

fermionic ip K ' = — 2~w 



/ bosonic X\ X\ X 6 , X\ X\ X 9 
Dirichlet sector : < . . ( lTir . (31) 

[ fermionic ip y ' = — 2~y 

It is obvious that, in the Neumann sector, the physical degrees of freedom of bosons and 
fermions are both four. In the Dirichlet sector, while we have four fermionic degrees of 
freedom, there appear to be six bosonic ones. Owing to the gauge symmetry, however, the 
number of the latter reduces by two. Thus the bosonic and fermionic physical degrees of 
freedom match in each sector. 

We note that the above matter contents can be interpreted as the zero volume limit of the 
six dimensional M = 1 SO(N) super Yang-Mills theory which couples to a hypermultiplet in 
the second rank symmetric representation of the gauge group. We hope that this model will 
play a role in understanding D 3-branes, which are sometimes difficult to analyze because of 
their self-duality. 

Finally we mention the relationship between the recently proposed large-A; U Sp(2k) ma- 
trix model [ID | and our SO(N) model. The authors of jrpj find that, in order to have 



unbroken supersymmetry, there are two ways of projecting the ten bosonic matrix coor- 
dinates into n_ components in the adjoint representation of USp(2k) and n + ones in the 
antisymmetric representation. One is (n_,n + ) = (6,4) and the other is (n_,n + ) = (2,8). 
They correspond to (3+1)- and (7+l)-dimensional orientifold fixed planes respectively. This 
result should be naturally derived by extending our analysis to an unoriented superstring. 
What we have learned are that SO(N) matrix models and USp(2k) ones incorporate D 
branes and orientifold planes respectively, and that the possible dimensions of these ob- 
jects undergo the identical restriction. It might be interesting to further investigate these 
relationship especially in the type I theory. 

Acknowledgements: We would like to thank M. Ninomiya, M. Fukuma, S. Hirano, 

H. Kunitomo and K. Sugiyama for invaluable discussions, comments and encouragement. 



Appendix 

1+9 dimensional gamma matrices D 1 (/i = 0, 1, . . . , 9) satisfy the SO(l,9) Clifford algebra 
{T^jT 1 '} = —2rf v ^ where we use the almost plus sign convention as the ten dimensional 
Minkowski metric rj^ = diag(— , +,...,+) . In this convention T is defined to be hermitian 
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and P (i = 1,...,9) are to be anti-hermitian. Thus we find = r°r At r°. The charge 
conjugation matrix C satisfies = — C _1 T M C, and C T = —C. It follows that 

r (p) 2 = R^ +3) / 32 , iV = {-)^ +1){p+2) c- l v {p) c , (32) 

where = r 01 ... p . The charge conjugation of a spinor 9 is defined as 9 C = C9 T , where 

9 = 6^r° is the Dirac conjugate of 9. It follows that the Majorana condition ip = i/i c means 
that 

ip = —^\) T C~ X for Majorana spinor VV> • (33) 
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